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EXAMPLES OF INVERSE PROBLEMS

Data Assimilation in Oceanography

S.L. Cotter, M. Dashti, J.C. Robinson and AMS:
Inverse Problems 2009.

@ Stokes operator is A = —A on divergence free space.
@ Consider the Navier-Stokes equation:

Z‘;—i-l/AV—I—B(V, v)=1f v(0)=u

@ Find u(x) (or u(x) and f(x, t)).
@ Given noisy Lagrangian observations y:

Yik = Zj(tc) + njk
dz;
- = V(@1 Z(0) =2z




EXAMPLES OF INVERSE PROBLEMS

Crossing Energy Barriers in Molecular Dynamics

F. Pinski and AMS, J. Chem. Phys. 2010

@ Find u(t) solving

adu 2dB

@ Given u(0) =vu~and u(T) = u™.



EXAMPLES OF INVERSE PROBLEMS

Groundwater Flow

M. Dashti, S. Harris and AMS, 2010
@ Let H = [?(Q,R).
@ Consider Darcy’s Law
V- <exp(u)Vp) =0, xeQ
p=¢, xecof.

@ Find u(x).
@ Given noisy observations y of the pressure:

¥ = p(x) + j J
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TWO IDEAS

Everyone is familiar with ideas like:

WELL-POSED & SMALL PERTURBATION TO EQUATION
= SMALL PERTURBATION TO SOLUTION J

STABILITY & CONSISTENCY = CONVERGENCE J

Inverse problems are ill-posed. But we will develop a
(probabilistic) well-posedness for inverse problems leading to a
variety of useful results such as:




TWO IDEAS

Minimizing I(u) is closely related to:
Exploring the probability density function exp(—/(u))

We will thus connect Bayesian probability and optimal control.
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CLASSICAL REGULARIZATION

Least Squares

@ The equation y = G(u) for u € X is ill-posed: (no solution,
many solutions, sensitive dependence).

@ Replace by least squares problem

mino(uy), o(uy) = sy - G J

@ Can have ®(up; y) — 0 but u, does not converge in X.
@ Tikhonov Regularization:

min (), I(u) = ®(u:y) + Ul J




CLASSICAL REGULARIZATION

Problems With Least Squares

@ Complex objective functions. Lorenz equations:
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@ How should || - ||y, || - || be chosen?



BAYESIAN REGULARIZATION

Outline

e BAYESIAN REGULARIZATION



BAYESIAN REGULARIZATION

Bayesian Approach to Inverse Problems

@ Jointly varying random variable (u,y) € X x Y.
@ u prior ug(du) =P(du) on u:

o =N(0,Co), po(X)=1.
@ yjudatayeY

y=6(u)+n, n~N(QO,TI).
@ uly posterior ¥ (du) = P(duly) on u :

o

o (U) o P(y|u) exp(_q>(u; y)).




BAYESIAN REGULARIZATION

Increasing Number of Lagrangian Trajectories
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Figure: Posterior on Fourier mode for increasing number of
Lagrangian trajectories.



BAYESIAN REGULARIZATION

Potential

CONDITIONS ON THE POTENTIAL
@ thereis, Ve > 0,r > 0an M = M(e, r) > 0 such that

U y) > —elul2+M YueX,|yly <r; \

@ Vr > 0 thereis K(r) > 0 such that,

[®(w1;y) = (U2 y)| < K(Nlur = tallx,  Viuillx, lylly < I

@ Ve >0,r > 0, thereis K = K(¢,r) > 0 such that,

1D(u; y1) — D(u; )| < KelUlx ||y — yally, Yu e X, |lyilly <r. I




BAYESIAN REGULARIZATION

Well-Posed Inverse Problem

S.L. Cotter, M. Dashti, J.C. Robinson and AMS:
Inverse Problems 2009.

Theorem

Assume that POTENTIAL CONDITIONS hold and that 11o(X) = 1.
There is C = C(r) > 0 such that, for all y1, y» with

max{[ly1llv, lyzllv} <r,

Aren(p, 112) < Cllyr — yol|v-

The metric dyey is a useful one because:

1
IBf — B < 2( B2 12 + B A1) e, v).
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LINK TO

Probability Maximizers and Optimal Control

M. Dashti and AMS 2010.

i) = SlulE + 0w )

Let B%(z) be a ball of radius § in X centred at z € E.

Assume that POTENTIAL CONDITIONS hold and that jio(X) = 1.

Then
1 (B°(z1))

y_% m = exp(/(z2) — I(z1)).

Thus probability maximizers are minimizers of the regularized
least squares functional /.



LINK TO

Existence of Optimal Control Solutions

S.L. Cotter, M. Dashti, J.C. Robinson and AMS:
Inverse Problems 2009.

The minimization is well-defined:

Theorem

Assume that POTENTIAL CONDITIONS hold and that 1(X) = 1.
Then there exists u € E such that

(@) = I :=inf{l(u) : u € E}.

Furthermore, if {un} is a minimizing sequence satisfying
I(un) — I(u) then there is a subsequence {uy } that converges
strongly tou in E.
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Forward Approximation Gives Inverse Approximation

S.L. Cotter, M. Dashti and AMS: SINUM 2010.

Consider two measures p and uV :
N

j:)(u) o exp(—cb(u)), Z’ZO(u) ~ exp<—¢N(u)).

Theorem

Assume that: ® and ®" satisfy POTENTIAL CONDITIONS, that
uo(X) =1 and that, for any e > 0 there is K = K(e) > 0 :

[®(u) — @ (u)] < K exp(e|ulk)(N) (1)

where ¢(N) — 0 as N — oo. Then there is a constant C,
independent of N, and such that

dren(pt, V) < CY(N). (2)




Data Assimilation in Oceanography

Let {¢k }kex denote an orthonormal basis in H made from
eigenfunctions of the Stokes operator A. Let PN denote
orthogonal projection, in H, into {¢x }x|<n-
Approximate forward problem by solving

dv

Ry vPNAv = PNt v(0) = PNu

and assume patrticle trajectories are integrated exactly.

There is v > 0, depending on covariance operator of the prior
measure, for which

dren(p, pV) < eN77.




Increasing Approximation Dimension
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Figure: Posterior for increasing number of Fourier modes.
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What We Have Shown

We have shown that:

@ Applications: Many inverse problems in differential
equations can be formulated in the framework of Bayesian
statistics on function space.

@ Common Structure: These problems share a common
mathematical structure leading to well-posed inverse
problems for measures and a link to optimal control.

@ Approximation: This well-posedness leads to a transfer of
approximation properties from the forward problem to the
inverse problem, in the Hellinger metric.

@ Algorithms: MCMC methods can be defined on function
space: algorithms robust to discretization.
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The Heat Equation

o LetH = L?(D), A= —A with D(A) = H?(D) (" H{ (D).
@ Consider the heat equation:

dv
E+Avf0, v(0)=u J

@ Find u.
@ Given noisy observations

y=v(1)+n.



Data Assimilation in Atmospheric Sciences

o LetH={uel?T?R?):V- -u=0, [ udx=0}. Then
Stokes operator is A = —A with D(A) = H?(T2,R?) N H.
@ Consider the Navier-Stokes equation:

Z\;JruAanB(v,v):f, v(0)=u }

@ Find u (or u and f).
@ Given noisy Eulerian observations

Yik = V(X t) + njk }




Oil Recovery

@ Consider the equations for transport in a porous medium:

-V.-v=h,
v =—X(S)exp(u)Vp,
0S

=2 =—v-VI(S)+vAS

@ Find log permeability u(x).
@ Given noisy observations

=1 — faQOut f(S(X7 tj)) Vnde .
& fan vpdl -




The Heat Equation

@ Because the observation operator G is linear, the posterior
measure 1Y is Gaussian N'(m,C).

@ Assume A,C and I all commute for simplicity.
o If we define K = I + exp(—2AT)I~'Cy then

m = exp(—AT)I 1CoK 'y
C=CoK™.

@ Formally, in the limit ' — 0, we recover

m — exp(AT)y
C — 0.



Heat Equation

Let {¢k }kex denote an orthonormal basis for # made from
eigenvalues of A. Let PN denote orthogonal projection, in H,

into {dx}kj<n-
Approximate forward problem by solving

ccijv +PNAv =0, v(0)= P u.

~
A

Theorem

dren(p, V) < ¢y exp(—caN?).

Consequently the mean and covariance operator of ;¥ and pN
are O (exp(—c,N?)) close in the # and H—operator norms
respectively.




Data Assimilation in Atmospheric Sciences

Let {¢k }kex denote an orthonormal basis for Stokes operator A
in H. Let PN denote orthogonal projection, in H, into { Dk }k|<N-
Approximate forward problem by solving

‘ZI‘; +vPNAv + PNB(v,v) = PNf,  v(0) = PNu,
We have
ren(p, V) — 0
as N — co.

Constant in forward error does not exhibit the desired control.
Weakening of the preceding theory.
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